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SYMPLECTICALLY ASPHERICAL MANIFOLDS
JAREK KE¸DRA, YULI RUDYAK, AND ALEKSY TRALLE
Abstract. This is a survey article on symplectically aspherical
manifolds.
1. Introduction
A symplectic form ω on a smooth manifoldM is called symplectically
aspherical, if for any smooth map f : S2 →M one has the equality
(1.1)
∫
S2
f ∗ω = 0.
The latter condition is often written in the form ω|pi2(M) = 0. It is also
useful to introduce a vector space
Π(M) = Im{h : pi2(M)→ H2(M)} ⊗ R,
where h is the Hurewicz map. In this notation, the symplectic aspheric-
ity condition can be written as
[ω]|Π(M) = 0, or 〈[ω], x〉 = 0 for all x ∈ Π(M)
where [ω] is the (de Rham) cohomology class of the form ω and 〈−,−〉
is the Kronecker pairing.
A symplectically aspherical manifold is, by definition, a manifold
that is equipped with a symplectically aspherical form. Such manifolds
were originally introduced and used by Floer [F] in order to attack the
Arnold conjecture. The usefulness of symplectically aspherical man-
ifolds comes from the theory of J-holomorphic curves and the Floer
homology, which are easier for symplectically aspherical manifolds be-
cause of the absence of bubbling effects (see [F, H, HZ, MS1, MS2]).
Since condition (1.1) is often imposed in many classical formulations of
theorems in symplectic topology [LO, O], it is worthwhile to describe
this class of manifolds. In the last decade a substantial understanding
of symplectically aspherical manifolds was gained in [G1, IKRT, KRT,
R2, RO, RT1, S]. However, there are still open interesting questions,
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and the whole subject becomes a rich mathematical theory involving
many important topological and symplectic techniques. Motivated by
this, we present a survey on recent developments in the theory of sym-
plectically aspherical manifolds. We emphasize, however, that we are
mainly concerned with the “soft” symplectic geometry, where the tools
of algebraic topology are applicable. We use hard analytical tools ( the
pseudoholomorphic curves in Section 4, the applications of the action
spectrum in Section 7) rather than develop them.
The main topics described in this article are the following.
(1) Elementary topological properties of symplectically aspherical
manifolds;
(2) Lusternik–Schnirelmann category of closed symplectically as-
pherical manifolds;
(3) Applications of symplectic asphericity to the classical Arnold
conjecture on fixed points of symplectic diffeomorphisms;
(4) Constructions of symplectically aspherical manifolds;
(5) Discussion on fundamental groups of closed symplectically as-
pherical manifolds;
(6) Applications of symplectic asphericity to the theory of the group
of symplectic diffeomorphisms and to the symplectic action
spectrum;
(7) Discussion on symplectically hyperbolic manifolds;
(8) Applications of symplectic asphericity to Lie group actions on
closed symplectic manifolds.
We survey the known results and discuss research perspectives and
conjectures.
Throughout this paper, all manifolds are assumed to be closed and
connected (all exceptions are explicitly stated).
2. Preliminaries on symplectically aspherical manifolds
In this section we present some facts which we use in the sequel.
Throughout the section the manifolds are not assumed to be closed.
Proposition 2.1. Let ω be a symplectically aspherical form on a mani-
fold N , and let g :M → N be a map such that g∗ω is a symplectic form
on a manifold M . Then (M, g∗ω) is symplectically aspherical. In par-
ticular, a covering manifold over a symplectically aspherical manifold
is symplectically aspherical.
Proof. Since the form ω on N is symplectically aspherical, we conclude
that
〈g∗ω, h(a)〉 = 〈ω, g∗h(a)〉 = 〈ω, h(g∗(a))〉 = 0
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for all a ∈ pi2(M). Thus, g
∗ω is symplectically aspherical. 
We need the following homotopic characterization of symplectically
aspherical manifolds. Given a group pi, recall that the Eilenberg–Mac
Lane space K(pi, 1) is a connected CW -complex with fundamental
group pi and such that pii(K(pi, 1)) = 0 for i > 1. It is well known
that the homotopy type of such space is completely determined by pi.
Moreover, for every connected CW -space X with pi1(X) = pi there
exists a map f : X → K(pi, 1) that induces an isomorphism on the
fundamental groups, and this map is unique up to homotopy. To con-
struct such a map f , attach to X cells of dimensions > 2 in order to
kill all the higher homotopy groups. The resulting space is K(pi, 1) and
f is the inclusion of X.
Proposition 2.2 ([LO, Lemma 4.2], [RT, Corollary 2.2]). Let (M,ω)
be a symplectic manifold. The following three conditions are equivalent:
(i) the form ω is symplectically aspherical;
(ii) if a map f : M → K(pi1(M), 1) induces an isomorphism on the
fundamental groups, then
[ω] ∈ Im {f ∗ : H2(K;R)→ H2(M ;R)};
(iii) there exist a group τ and a map g :M → K(τ, 1) such that
[ω] ∈ Im {f ∗ : H2(K(τ, 1);R)→ H2(M ;R)}.
In the context of symplectic asphericity, it seems natural to ask if
there is a manifold M that possesses two symplectic forms ω1 and ω2
such that ω1|pi2(M) = 0 and ω2|pi2(M) 6= 0. The following Proposition
answers this question.
Proposition 2.3. Suppose that a closed manifold M admits a sym-
plectic form. Then the following two conditions are equivalent:
(i) Π(M) = 0;
(ii) Every symplectic form on M is symplectically aspherical.
Proof. Only the implication (ii) =⇒(i) needs a proof. So, assume that
Π(M) 6= 0 and consider a symplectic form ω on M . If ω|Π 6= 0 then
we are done. So, assume that ω|Π = 0. Since Π(M) 6= 0, there exists a
closed 2-form σ with 〈[σ], x〉 6= 0 for some x ∈ Π(M), i.e. σ|pi2(M) 6= 0.
Now, the form γ = ω + λσ is symplectic for λ small enough, and
γ|pi2(M) 6= 0. 
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3. Lusternik–Schnirelmann category of symplectically
aspherical manifolds
In this section we prove that, for any (closed) symplectically aspheri-
cal manifoldM2n, the number of critical points of any smooth function
f : M → R is at least 2n + 1. We also describe some results that will
be used in our discussion of the Arnold conjecture in Section 4.
3.1. Lusternik–Schnirelmann Theorem. Given a smooth function
F :M → R on a smooth manifold M , let critF denote the number of
critical points of F . Put CritM = min{critF}, where the minimum
runs over all smooth functions F :M → R
Definition 3.2 ([Fox]). Let f : X → Y be a map. The Lusternik–
Schnirelmann category of f , denoted cat(f), is defined to be the min-
imal integer k such that there exists an open covering {U0, . . . , Uk}
of X with the property that each of the restrictions f |Ui : Ui → Y , i =
0, 1, . . . , k is null-homotopic. If such a covering does not exist we say
that cat(f) is not defined.
The Lusternik–Schnirelmann category catX of a space X is defined
as the category cat(IdX) of the identity map.
For the proof of the following Lusternik–Schnirelmann Theorem,
see [CLOT].
Theorem 3.3. For every closed manifold M we have the inequality
CritM ≥ catM + 1.
This theorem admits the following generalization. Given a flow {ϕt :
X → X, t ∈ R}, a rest point of the flow is defined as a point x ∈ X
such that ϕt(x) = x for all t ∈ R. The flow is gradient-like if there
exists a function F : X → R (called a Lyapunov function) such that
F (ϕt(x)) > F (ϕs(x)) whenever t < s and x is not a rest point of the
flow.
Theorem 3.4. Let X be a compact space and f : X → Y be a map such
that cat(f) is defined. Let {ϕt} be a gradient-like flow on a compact
spaceX. Then the number of rest points of the flow is at least 1+cat(f).
The proof can be found in [CLOT]. Note that Theorem 3.4 implies
Theorem 3.3. Indeed, given a closed manifold M , let f be the identity
map in Theorem 3.4. Now, given a smooth function F : M → R, we
have the gradient-like flow − gradF (this explains the name gradient-
like), whose rest points are exactly the critical points of F .
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3.5. Category weight. The following definition is a homotopy invari-
ant version of a construction of Fadell–Husseini [FH]. It was suggested
by Rudyak [R1] and Strom [St].
Definition 3.6. The category weight wgt(u) of a non-zero cohomology
class u ∈ H∗(X;A) is defined as follows:
wgt(u) ≥ k ⇐⇒ {ϕ∗(u) = 0 for every ϕ : F → X with cat(ϕ) < k}.
Proposition 3.7 ([R1, St, CLOT]). Let A denote a coefficient ring.
Category weight has the following properties.
(1) 1 ≤ wgt(u) ≤ cat(X), for all u ∈ H˜∗(X;A), u 6= 0.
(2) For every f : Y → X and u ∈ H∗(X;A) with f ∗(u) 6= 0 we
have cat(f) ≥ wgt(u) and wgt(f ∗(u)) ≥ wgt(u).
(3) For u ∈ H∗(X;A) and v ∈ H∗(X;A) we have
wgt(u ∪ v) ≥ wgt(u) + wgt(v).
(4) For every u ∈ Hs(K(pi, 1);A), u 6= 0, we have wgt(u) = s.
(5) For every u ∈ Hs(X;A), u 6= 0, we have wgt(u) ≤ s.
3.8. Symplectic asphericity input. Here we show the effect of sym-
plectic asphericity on the category weight of the symplectic class [ω].
Theorem 3.9 ([RO]). If (M,ω) is a symplectically aspherical manifold
then wgt([ω]) = 2.
Proof. It follows from Proposition 2.2 that [ω] = f ∗a for some a ∈
H2(K(pi1(M), 1);R) and some f : M → K(pi1(M), 1). Now, wgt(a) =
2 by item (4) of Proposition 3.7, and thus wgt([ω]) = 2 by items (2)
and (5) of the same proposition. 
Corollary 3.10. If (M2n, ω) is a symplectically aspherical manifold
then catM = 2n and CritM = 2n+ 1.
Proof. Since [ω]n 6= 0, we conclude that wgt([ω]n) = 2n by The-
orem 3.9 and items (3) and (5) of Proposition 3.7. Furthermore,
catM ≥ wgt([ω]n) = 2n, and so CritM ≥ 2n + 1. Finally, according
to Takens [T], we have CritN ≤ dimN + 1 for every closed connected
manifold N , and the result follows. 
4. The Arnold conjecture
Let (M,ω) be a symplectic manifold. It is well-known that there
exist a Riemannian metric g and and almost complex structure J on
M such that ω(ξ, Jη) = g(ξ, η).
6 JAREK KE¸DRA, YULI RUDYAK, AND ALEKSY TRALLE
4.1. Hamiltonian diffeomorphisms. Given a function F :M → R,
define a symplectic-gradient vector field sgradF (frequently denoted
also by XF ) by the condition
(4.1) ω(sgradF, ξ) = −dF (ξ)
for all vector fields ξ. It is easy to see that sgradF = J gradF where
gradF is taken with respect to the metric g.
Now, consider a smooth function H : S1×M → R and put Ht(x) =
H(t, x). Consider the non-autonomic differential equation
(4.2) x˙(t) = sgradHt(x(t))
This equation yields a time-dependent flow Ψ = {φt} = {φ
H
t } on M .
Namely, if x(t) is a solution of (4.2) with x(0) = p ∈ M , then φt(p) =
x(t), t ∈ R.
Definition 4.2. A diffeomorphism φ :M →M is Hamiltonian if there
exists a function (which is called a Hamiltonian) H : S1×M → R such
that φ = φH1 . We also say that φ is a time-1 map of the Hamiltonian H .
The set of all Hamiltonian diffeomorphism is denoted by Ham(M,ω).
The Arnold conjecture. For every Hamiltonian diffeomorphism φ :
M →M , the number of its fixed points is at least CritM .
Remark 4.3. There are several versions of the Arnold conjecture. The
one above is the closest to the “soft” side of symplectic geometry. If
we assume that a Hamiltonian diffeomorphism is non-degenerate, that
is its graph intersects the diagonal transversely, then the conjecture
claims that the number of fixed points is at least the number of critical
points of any Morse function. This conjecture is neither proved nor
disproved yet, even in the symplectically aspherical case. We mention
here the papers [FO, LT] where the number of fixed points is estimated
from below by the sum of Betti numbers.
4.4. Floer’s approach to the Arnold conjecture. Floer [F] sug-
gested the following way to attack the Arnold conjecture for symplec-
tically aspherical manifolds. If p is a fixed point of a Hamiltonian
symplectomorphism φ = φH1 then φt(p), t ∈ R is a 1-periodic orbit, i.e.
a loop x : S1 → M . Hence, we can count fixed points of φ by counting
1-periodic solutions of equation (4.2). So, we can try to pose a vari-
ational problem on the loop space of M whose solutions (extremals,
critical loops) are the 1-periodic solutions of (4.2). Then we can ap-
ply the Lusternik–Schnirelmann theory to estimate of the number of
extremals. Note that we will count only contractible 1-periodic orbits.
Let us explain this in a bit more detail.
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4.5. Variational reduction. Let H : S1 ×M → R be a Hamiltonian
on a symplectically aspherical manifold (M,ω). Given a contractible
smooth loop x : S1 →M , we set
(4.3) AH(x) =
∫
D2
y∗ω −
∫ 1
0
H(t, x(t))dt
where y : D2 → M is an extension of x. We call the functional AH
on contractible loops the symplectic action. Note that the symplectic
action is well-defined (it does not depend on the extension y) because
of symplectic asphericity. So, we have the map
AH : C
∞
c (S
1,M) := {contractible smooth maps S1 →M} −→ R.
If we take the derivative of AH in the direction of the vector field ξ
along x(S1) (regarded as a tangent vector to a loop x), we get
(4.4)
DAH(x)(ξ) =
∫
S1
ωx(t)(x˙(t), ξ)− dHt(x(t))ξ(t)dt
=
∫
S1
ωx(t)(x˙(t)− sgradHt(x(t)), ξ))dt.
So, if x = x(t) is a critical orbit of AH , that is DAH(x)(ξ) = 0 for all
ξ, then x˙(t) − sgradHt(x(t)) = 0, (i.e. x(t) is a 1-periodic solution of
equation (4.2)).
In order to proceed, we must consider the “gradient flow” of AH .
However, here we have many analytical difficulties that do not allow
us to construct the gradient flows directly, cf. [HZ, Section 6.5]. Floer
regards the gradient flow lines as maps
(4.5) u : R× S1 →M, (s, t) 7→ u(s, t) = u(s, t+ 1)
such that
(4.6)
∂u
∂s
+ J(u)
∂u
∂t
+ gradHt(u) = 0.
Floer [F] then obtained the following variational reduction theorem.
Theorem 4.6. Let (M,ω) be a symplectically aspherical manifold. As-
sume also that c1(M) vanishes on pi2(M). Let φ :M → M be a Hamil-
tonian symplectomorphism. Then there exist a map f : X →M and a
gradient-like flow Φ on X with the following properties:
(1) X is a compact metric space.
(2) The number of fixed points of φ is bounded from below by the
number of rest points of Φ.
(3) The map f ∗ : H∗(M ;A) → H∗(X;A) is a monomorphism for
any coefficient group A.
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Now we describe the data X, f and Φ of Theorem 4.6. Given a
map u : R × S1 → M and τ ∈ R, we define u(τ) : S1 → R, by
u(τ)(s) = u(τ, s).
Let X be a space of smooth maps u : R× S1 such that
(1) u satisfies the equation (4.6).
(2) u(0) (and hence u(τ) for all τ) is a contractible loop.
(3) The function ϕ : R → R, ϕ(s) = AH(u(s)) is bounded.
It turns out that X is compact. It is worth mentioning that the proof
of compactness uses the symplectic asphericity of (M,ω).
We define a flow Φ = {ϕτ , τ ∈ R} on X by setting ϕτ (u(s, t)) =
u(s+τ, t). It can be proved that the flow is gradient-like with associated
Lyapunov function
F : X → R, F (u) = AH(u(0)).
Furthermore, if u ∈ X is a rest point of Φ then ∂u/∂s = 0. So, if we
put x = u(0) : S1 →M then
J(x)
dx
dt
+ gradHt(x) = 0,
or
dx
dt
= J gradHt(x) = sgradHt(x).
Note that the latter equation is obtained by applying J to both sides
of the preceding equation and using J2 = −I. So, x is a 1-periodic
solution of the equation (4.2), and therefore x(0) is a fixed point of the
Hamiltonian diffeomorphism φ. Thus, the number of fixed points of φ
is at least the number of rest points of Φ. Finally, we define a map f :
X → M by setting f(u) = u(0, 0). The proof of the monomorphicity
of f ∗ is difficult.
Remarks 4.7. 1. The above description of the space X is taken from
the book [HZ]. In his original paper [F] Floer obtained the space X as
a certain space of contractible loops S1 → M . As we have seen, critical
points of AH are 1-periodic solutions of the equation (4.2). Generally,
if one has a flow on a space, say, Y , one can consider a new space Y
whose points are the flow lines on Y , and define the flow on Y via the
time-shift. This describes the passages from Floer’s interpretation to
that of Hofer and Zehnder.
2. It seems that the condition c1(M)|Π(M) = 0 in Theorem 4.6 is
redundant, cf. [HZ, Remark on p. 250], but as far as we know, nobody
has written this down yet in the literature.
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4.8. Proof of the Arnold conjecture for symplectically aspher-
ical manifolds. Now, basing our argument on Theorem 4.6 and re-
sults of Section 3, we prove the Arnold conjecture under assumptions
of Theorem 4.6.
Theorem 4.9 ([R2, RO]). The Arnold conjecture holds for symplecti-
cally aspherical manifolds with c1(M)|Π(M) = 0.
Proof. We use the notation from Theorem 4.6. It suffices to prove
that the number of rest points of Φ is at least 2n + 1 = CritM . Since
f ∗([ω]n) 6= 0, we conclude that cat f ≥ wgt[ω]n = 2n by Proposition 3.7
and Theorem 3.9. So, by Theorem 3.4, the number of rest points of Φ
is at least 2n+ 1 = CritM . 
4.10. Lagrangian submanifolds and their intersections. A La-
grangian submanifold of a symplectic manifold (V 2n, ω) is a smooth
submanifold Ln of V such that ω|L = 0. Given a Hamiltonian diffeo-
morphism ψ : V → V , the question on the number #(ψ(L)∩L) of inter-
section points of ψ(L) and L can be considered as a generalization of the
Arnold conjecture. Indeed, given a symplectic manifold (M,ω), the di-
agonalM of the symplectic manifold (M×M,ω×(−ω)) is Lagrangian.
Furthermore, given a Hamiltonian diffeomorphism φ :M → M , define
ψ : M × M → M × M as ψ(x, y) = (φ(x), y). Then the number
#(ψ(M) ∩M) is exactly the number of fixed points of φ.
There is a large literature on Lagrangian intersections, we men-
tion [EG, F, H]. In this context the symplectic asphericity appeared
in [F, H] in the form pi2(V, L) = 0.
It is well known that the total space T ∗L of the cotangent bundle
of a smooth manifold L possesses a canonical symplectic form ω. Fur-
thermore, the zero section L is a Lagrangian submanifold of (T ∗L, ω).
Moyaux and Vandembroucq [MV] estimated from below the number
#(ψ(L) ∩ L) where ψ : T ∗L → T ∗L is a Hamiltonian diffeomorphism
with a compact support. Generally this number is bounded by a cer-
tain numerical invariant QcatL, but if L is symplectically aspherical
then #(ψ(L) ∩ L) ≥ CritL, [CLOT, 8.5.1].
5. Constructions of symplectically aspherical manifolds
In this section we present various constructions of symplectically as-
pherical manifolds. Mostly, they are based on the known constructions
of symplectic manifolds which yield the symplectically aspherical prop-
erty under additional hypotheses.
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5.1. Branched coverings. Here we follow [G2]. Take a symplectically
aspherical manifold (X,ωX), choose a symplectic submanifold B ⊂ X
of codimension 2 and construct (M,ω) as a covering of X branched
along B. By construction the class [ω] of the symplectic form is the
pull-back of the class [ωX ], and so ω is symplectically aspherical by
Proposition 2.1. Note that Proposition 2.1 applies since outside the
branch locus, we have a true covering.
By choosing the branching locus in a clever way, Gompf constructed
the first examples of symplectically aspherical manifolds with non-
trivial second homotopy group. Moreover, he proved that the sym-
plectic asphericity and the vanishing of the first Chern class on spheres
are independent conditions [G2, Theorem 7]). Also, Gompf constructed
both Ka¨hler and non-Ka¨hler examples.
5.2. Homogeneous spaces. Let G be a simply connected solvable
group and Γ ⊂ G a uniform lattice. Recall that a uniform lattice is a
discrete subgroup such that the quotient G/Γ is compact. Since a sim-
ply connected solvable group is contractible (in fact diffeomorphic to
Rn) the quotient is a K(Γ, 1)-space. If G admits a Γ-invariant symplec-
tic form then the quotient G/Γ is a symplectic manifold. This happens
in many cases.
Let Lie(G) denote the Lie algebra of a Lie group G. A group G
is called completely solvable if the eigenvalues of the operators adX :
Lie(G)→ Lie(G) are real for any X ∈ Lie(G). In this case the Hattori
theorem [Ha] states that
H∗(G/Γ;R) ∼= H∗(Λ∗(Lie(G));R),
where the right-hand side is the cohomology of the Lie algebra of G. In
particular, every cohomology class in H∗(G/Γ;R) can be represented
by a left-invariant form. Hence in order to show that G/Γ is symplectic
it is enough to find a cohomology class a ∈ H2(G/Γ;R) such that its
top power is non-zero. A manifold admitting such class a is called
cohomologically symplectic. We summarize the above discussion in
the following.
Theorem 5.3 ([IKRT, Lemma 4.2]). Let G be a simply connected com-
pletely solvable Lie group and Γ ⊂ G a uniform lattice. A homogeneous
space M = G/Γ is symplectically aspherical if and only if it is cohomo-
logically symplectic. 
5.4. Symplectic bundles. A locally trivial bundle (M,ω)→ E → B
is called symplectic if its structure group is the group of symplectic
diffeomorphisms of (M,ω). The following theorem gives conditions
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implying that the total space of a symplectic bundle is symplectically
aspherical.
Theorem 5.5 ([IKRT, Theorem 7.4]). Let (M,ω) and (B, ωB) be sym-
plectically aspherical manifolds. The total space of a symplectic bundle
(M,ω)
i
→ E
p
→ B is symplectically aspherical if the following condi-
tions are satisfied:
(1) there exists Ω ∈ H2(E) such that i∗Ω = [ω] and
(2) the class [ω] vanishes on (i∗)
−1(Π(E)).
The first condition ensures the existence of a symplectic form on the
total space. This was proved by Thurston in 1976, see [MS1, Theorem
6.3]. The second condition ensures the symplectic asphericity of the
symplectic form coming from the Thurston construction.
5.6. Symplectic surgery. In [G1], Gompf proved that certain surgery
can be performed symplectically. More precisely, let ji : (N,ωN) →
(Mi, ωi), i = 1, 2, be disjoint symplectic embeddings of codimension
two. Suppose that their normal bundles have opposite Euler classes.
Cut out small tubular neighborhood of the images ji(N) and glue
the remaining part along the cutting locus to obtain a new manifold
X =M1∪NM2. This manifold admits a symplectic form which is equal
to ω away from the gluing locus. The next theorem gives a condition
under which this construction produces an aspherical symplectic form.
Theorem 5.7 ([IKRT, Theorem 6.3]). Let (M1, ω1), (M2, ω2), (N,ωN)
be symplectic manifolds and ji : N → Mi symplectic embeddings with
opposite normal bundles. If M1 and M2 are symplectically aspherical
and (ji)∗ : pi1(N) → pi1(Mi) are monomorphisms, then the Gompf
symplectic sum M1 ∪N M2 is symplectically aspherical.
5.8. Lefschetz fibrations. An excellent exposition on Lefschetz pen-
cils and fibrations can be found in [GS]. Let X be a compact, con-
nected, oriented, smooth 4-manifold, possibly with boundary. A Lef-
schetz fibration structure on X is a surjective map f : X → Σ, where
Σ is a compact, connected, oriented surface and f−1(∂Σ) = ∂X. Fur-
thermore, the following is required:
• the set {q1, ..., qn} of critical points of f is finite;
• f(qi) 6= f(qj) for i 6= j;
• if b ∈ Σ is a regular value of f then f−1(b) is a closed connected
orientable surface;
• there exist an orientation-preserving complex charts ϕi : Ui →
C
2 with qi ∈ Ui ⊂ X and ψi : Vi → C with f(qi) ∈ Vi ⊂
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f(Ui) ⊂ Σ such that ψi ◦ f ◦ ϕ
−1
i : ϕ(Ui) → C has the form
(x, y)→ x2 + y2.
It is a celebrated result of Donaldson [D1] that a closed symplectic 4-
manifold admits a structure of an oriented Lefschetz pencil, and, there-
fore, becomes a Lefschetz fibration after blowing up in a finite number
of points. On the other hand, according to Gompf and Thurston, an
oriented Lefschetz fibration admits a symplectic structure.
In principle, this gives a classification of 4-dimensional symplectic
manifolds in terms of the monodromy of a Lefschetz pencil. One of
the main results of [KRT] provides a condition under which a Lefschetz
fibration admits an aspherical symplectic form. In the sequel we denote
by Σg a closed orientable surface of genus g.
Theorem 5.9 ([KRT, Proposition 3.3]). Let F be a closed connected
orientable surface. Let F → X → Σg be a symplectic Lefschetz fibration
such that the inclusion of the fiber induces a non-trivial map
H2(X;R)→ H2(F ;R) = R.
Put Y = F×Σh with the product symplectic structure. If g+h > 0 then
the Gompf symplectic fiber sum X#FY is symplectically aspherical.
6. Fundamental groups of symplectically aspherical
manifolds
For brevity, we call a group Γ symplectically aspherical if it can be
realized as the fundamental group of a closed symplectically aspherical
manifold.
Question 6.1. What groups are symplectically aspherical?
This question has various motivations. The first one belongs to a
class of questions revolving around whether a given geometric struc-
ture imposes restrictions on the algebraic topology of the underlying
manifold. The second motivation comes from the problem of describ-
ing properties of the fundamental group which determine the geometry
of the manifold. In this section, we shall present results in the first
direction.
An example of the second approach is Corollary 7.12.
Questions similar to 6.1 are still unanswered in the case of complex
projective or Ka¨hler manifolds [ABCKT]. It easily follows from the Lef-
schetz property that the first Betti number of the fundamental group
of a closed Ka¨hler manifold is even. According to Gromov and Shoen
certain condition on the fundamental group of a closed Ka¨hler manifold
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M implies that it admits a holomorphic mapping onto a Riemann sur-
face. Another example is the the Shafarevich conjecture which states
that if M is a complex manifold with pi1(M) large, then the universal
cover M˜ is a Stein manifold. Here the fundamental group is called
large if for any non-constant holomorphic map f : X → M the image
f∗(pi1(X)) ⊂ pi1(M) is infinite.
Gompf proved in [G1] that every finitely presented group can be real-
ized as the fundamental group of a closed symplectic manifold. In con-
trast, we shall show that it is not the case for symplectically aspherical
manifolds. For example, observe that symplectically aspherical groups
have to be infinite. Indeed, since the symplectic asphericity is preserved
by finite coverings, if (M,ω) is symplectically aspherical and has finite
fundamental group then its universal covering (M˜, ω˜) is a symplecti-
cally aspherical simply connected closed manifold. This is impossible
because a non-zero class [ω˜] does not vanish on H2(M˜ ;Z) = pi2(M˜).
Proposition 6.2. If a group Γ is a fundamental group of a symplecti-
cally aspherical manifold then either
(1) Γ ∼= pi1(Σ), where Σ is a closed oriented surface, or
(2) there exists Ω ∈ H2(Γ;R) with Ω2 6= 0.
Proof. Let (M,ω) be a symplectically aspherical. The case of dimension
2 is trivial so let us assume that dimM > 2. We know that [ω] = c∗Ω,
where c : M → K(pi1(M), 1) is the classifying map. Since [ω]
2 6= 0 we
get that Ω2 6= 0. 
In particular, no group of real cohomological dimension 3 is symplec-
tically aspherical.
Constructions of symplectically aspherical groups are based on the
constructions presented in Section 5. Using the Lefschetz fibrations it
is possible to give a complete classification of symplectically aspherical
Abelian groups.
Theorem 6.3 ([KRT, Theorem 1.2]). A finitely generated Abelian
group Γ is symplectically aspherical if and only if either Γ ∼= Z2 or
rank(Γ) ≥ 4.
As we mentioned in the beginning of this section, the first Betti
number of a Ka¨hler group is even. The next result states that there is
no such restrictions in the symplectically aspherical case.
Theorem 6.4. Any non-negative integer number that is different from
one can be realized as the first Betti number of a symplectically aspher-
ical manifold.
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Proof. The case b1 = 0. Let Γ be a uniform lattice in SU(2, 1) . It
acts freely by isometries on the complex hyperbolic plane and hence
preserves the Ka¨hler structure on it. Thus the quotient is an aspherical
closed Ka¨hler (and hence symplectic) manifold. Finally, b1(Γ) = 0
[G, Ma].
The case b1 = 2. The two dimensional torus serves as an example.
The case b1 = 3. The Kodaira–Thurston manifold KT , see [MS1]
is an example. More precisely, KT is the product S1× (N3(R)/N3(Z)),
where N3(K) denotes the upper triangular matrices with coefficients in
K. Hence the fundamental group is isomorphic to Z⊕N3(Z) and it is
easy to see that its first Betti number is equal to 3.
The case b1 ≥ 4. This follows from Theorem 6.3, or you can consider
the products of tori and Kodaira–Thurston manifolds. 
Remark 6.5. Unfortunately, we are unable to construct a symplecti-
cally aspherical manifold with the first Betti number equal to one.
Nevertheless, we believe that such manifolds exist.
7. Further applications of symplectic asphericity
7.1. The action spectrum. Let (M,ω) be a symplectic manifold and
let H : S1 ×M → R be a Hamiltonian. A contractible solution x :
S1 →M of the equation (4.2) is called a contractible orbit. The set
ΣH := {AH(x) | x is a contractible orbit }
is called the action spectrum ofH and is compact [HZ, S]. The following
theorem of Schwarz is fundamental [S].
Theorem 7.2. Let (M,ω) be a closed symplectically aspherical mani-
fold. Let H : S1 ×M → R be a Hamiltonian whose time-1 map is not
the identity. There are two contractible orbits x, y ∈M such that
−
∫ 1
0
max
M
Htdt ≤ AH(x) < AH(y) ≤ −
∫ 1
0
min
M
Htdt.
Let ψ ∈ Ham(M,ω) be the time-1 map of a Hamiltonian H : S1 ×
M → R and let x, y ∈M be its contractible orbits. Let (M˜, ω˜) be the
universal cover of (M,ω) and ψ˜ be a lift of ψ. Since x, y are contractible
orbits their lifts x˜, y˜ ∈ M˜ are contractible orbits as well (with respect
to H˜ : S1 × M˜ → R corresponding to ψ˜). Take a curve γ : [0, 1]→ M˜
with γ(0) = x˜(0) and γ(1) = y˜(0). Since M˜ is simply connected there
exists a disc u : D2 → M˜ with boundary ∂u = ψ ◦ γ − γ. Define
∆(ψ; x, y) :=
∫
D2
u∗(ω).
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It is easy to see (using symplectic asphericity and the contractibility of
the orbits) that the definition does not depend on the choice of γ and
u.
The following lemma is proved by Polterovich [Po].
Lemma 7.3. With the above notation the following hold:
(1) ∆(ψn; x, y) = n∆(ψ; x, y);
(2) ∆(ψ; x, y) = AH(y)−AH(x).
As a simple corollary we get the following result.
Theorem 7.4. Let (M,ω) be a symplectically aspherical manifold.
Then the group Ham(M,ω) of Hamiltonian diffeomorphisms of (M,ω)
is torsion-free.
7.5. Hamiltonian representations of discrete groups. Let (M,ω)
be a symplectically aspherical manifold. Let ω˜ := p∗(ω), where p :
M˜ → M is the universal cover. Clearly, ω˜ is an exact two-form. Let
g be a Riemannian metric on M and g˜ the pull-back metric on the
universal cover. Choose a point x0 ∈ M and let B(s) the ball of the
radius s centered at x0. Let u : R+ → R+ be defined by
(7.1) u(s) := inf
dα=eω
sup
x∈B(s)
|α(x)|eg.
The function s 7→ s · u(s) is then strictly increasing. We define the
symplectic filling function v : R+ → R+ to be its inverse.
If an and bn are positive sequences then we write an  bn if there
exists a constant c > 0 such that an ≥ cbn for all n ∈ N, and we write
an ∼ bn if an  bn and bn  an.
Let G be a finitely generated group equipped with the word metric
with respect to some finite generating set A. Let ‖g‖A denotes the
distance of g ∈ G from the identity. The following result is proved
in [Po, Theorem 1.6.A].
Theorem 7.6. Let (M,ω) be a symplectically aspherical manifold. Let
A be a finite subset of Ham(M,ω) and G be the subgroup of Ham(M,ω)
generated by A. Then ‖gn‖A  v(n) for all g ∈ G.
Definition 7.7. If the function u : R → R described in (7.1) is
bounded, or equivalently v ∼ Id, then the symplectic form ω is called
hyperbolic and (M,ω) is called symplectically hyperbolic.
It is easy to see that boundedness of u does not depend on the choice
of the metric g and the point x0.
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Ka¨hler manifolds of negative sectional curvature (e.g. closed surfaces
of genus at least 2) are symplectically hyperbolic. The torus T 2 with
the standard symplectic structure is not symplectically hyperbolic.
The interest in symplectically hyperbolic manifolds is, in particular,
motivated by the following fact.
Corollary 7.8. Let (M,ω) be a symplectically hyperbolic manifold. Let
A be a finite subset of Ham(M,ω) and G be the subgroup of Ham(M,ω)
generated by A. Then every cyclic subgroup 〈g〉 ⊂ G is undistorted
with respect to the word metric given by A. In particular, Ham(M,ω)
is torsion free.
Remark 7.9. A cyclic subgroup 〈g〉 ⊂ G is undistorted if there exists
a constant C > 0 such that |gn| ≥ C · n, for all n ∈ Z. Here |x| :=
min{n ∈ N | x = gp1i1 . . . g
pk
ik
,
∑
i pi = n} is the word norm of x ∈ G with
respect to a fixed finite set {g1, . . . gm} of generators of G. For example
any cyclic subgroup of Zn is undistorted. Finite cyclic subgroups are
not undistorted.
7.10. More symplectically hyperbolic manifolds. Here we pro-
vide a source of examples of symplectically hyperbolic manifolds. The
subject is treated in more detail in a forthcoming paper [K]. Recall
that a cohomology class is bounded if it is represented by a singu-
lar cochain whose values on singular simplices are uniformly bounded.
Such cochains are called bounded as well.
Lemma 7.11. Let (M,ω) be a symplectically aspherical manifold. If
ω represents a bounded cohomology class then (M,ω) is symplectically
hyperbolic.
Proof. We just sketch the main ideas of proof referring to [K, Theorem
2.1] for details. Let p : M˜ → M be the universal cover. We show that
ω˜ := p∗(ω) = dα, where α is a form bounded with respect to the metric
g˜ induced from any metric g on M .
Let c ∈ C2(M ;R) be a bounded cochain representing the class [ω].
Since M˜ is simply connected, we conclude that p∗(c) = δ(b) for some
bounded real cochain b ∈ C1(M˜). Let K be a finite triangulation of
M and K ′ the induced one of M˜ . Let b′, c′ be simplicial cochains cor-
responding to b and c respectively. The standard construction of a
differential form from a simplicial cochain [STh, pages 148–149]) ap-
plied to b′ gives a bounded form α whose differential is p∗(ω + dβ) for
some β ∈ Ω1(M). Hence p∗(ω) = d(α+p∗(β)) while α+p∗(β) is clearly
bounded. 
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Corollary 7.12. Let (M,ω) be a symplectically aspherical manifold. If
pi1(M) is hyperbolic then ω is hyperbolic. In particular, if M admits a
Riemannian metric of negative sectional curvature then ω is hyperbolic.
Proof. By Proposition 2.2, [ω] = f ∗(Ω) for some Ω ∈ H2(pi1(M);R)
and f :M → K(pi1(M), 1). On the other hand, if pi1(M) is hyperbolic
then every cohomology class of pi1(M) of degree greater than one is
bounded. Hence [ω] is bounded as well and we apply Lemma 7.11. 
Note that one can find the definition of a hyperbolic group in [Gr].
Corollary 7.13. Let F be a closed oriented surface of genus at least 2,
and let F
i
→ M
p
→ B be an oriented bundle over a surface B of genus
at least 1. Then M admits a hyperbolic symplectic form.
Proof. Let ωB be an area form on B. Given any class Ω ∈ H
2(M)
with i∗(Ω) 6= 0, the Thurston construction ([MS1, Theorem 6.3]) gives
a symplectic form in the class C ·p∗[ωB]+Ω, where C > 0 is a sufficiently
large constant.
Let Ω be the Euler class of the bundle V := ker dp→ M tangent to
the fibers of p. According to Morita [Mo] this class is bounded, and
therefore p∗[ωB] + Ω is. 
7.14. The Ostrover trick [Os]. Let B ⊂ M be an open subset and
let h ∈ Ham(M,ω) be a Hamiltonian diffeomorphism such that h(B)
is disjoint from the closure of B.
After slightly perturbing h we may assume that its fixed points are all
non-degenerate. Let F : M × [0, 1]→ R be a normalized Hamiltonian
such that F (x, t) = C for some C < 0 and x ∈M −B, t ∈ [0, 1]. Take
ψt = h ◦ ft where ft is the Hamiltonian flow generated by F .
Theorem 7.15. Let (M,ω) be a symplectically aspherical manifold and
let ψt ∈ Ham(M,ω) be as defined above. Then limt→∞ d(ψt, Id) = ∞.
In particular, the Hofer diameter of Ham(M,ω) is infinite.
Proof. Let Ft be a Hamiltonian for ψt and H a one associated to h.
According to Schwarz, the Hofer norm of a Hamiltonian diffeomorphism
is bounded from below by the minimum of the action spectrum. That
is we have that
d(ψt, Id) ≥ minΣFt ,
for all t ∈ R. Notice that ψt and h have the same fixed points. More-
over, Ostrover proved (Proposition 2.6. in [Os]) that
AFt(x) = AH(x)− t · C.
Combining this with the previous inequality we get that the Hofer norm
of ψt tends to infinity as t does. 
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8. Application of symplectic asphericity to circle
actions on symplectic manifolds
If a closed symplectic manifold (M,ω) admits a Lie group action
preserving ω, the manifold must satisfy various topological restrictions.
The nature of these restrictions is to some extent understood. It comes
from Morse theory. For example, assume that (M,ω) admits a circle
action that is Hamiltonian, i.e. iXω = dµ for some smooth function
µ : M → R and the fundamental vector field X determined by the
circle action. This function µ is the Bott-Morse function, and this forces
certain restrictions on the topology of M . Finding these conditions is
now a huge research area. Restrictions on the equivariant cohomology
of M are given in [Ki, TW], on characteristic classes, signature and
Novikov numbers can be found in [Fa, Fe], restrictions on the topology
of orbits in [Oz, Ko], on Massey products in [ST]. One can work in
pure homotopic setting of cohomologically symplectic manifolds with
circle actions, and still get non-trivial restrictions on the equivariant
cohomology of M and the set of fixed points [A1, A2]. Many results
in this theory are obtained as variations of the following fundamental
fact. If G is a torus acting in a Hamiltonian way on a closed symplectic
manifold M , then the fiber bundle
M
i
−−−→ EG×G M −−−→ BG
is totally non-cohomologous to zero, that is,
i∗ : H∗G(M ;R) := H
∗(EG×G M ;R)→ H
∗(M ;R)
is onto [Ki]. In the sequel we will call this the TNCZ property. In
general, TNCZ does not hold for cohomologically symplectic mani-
folds with circle actions [A1]. However, some properties of symplectic
manifolds with circle actions do have cohomologically symplectic ana-
logues. Such results follow as combinations of the localization theorem
for equivariant cohomology with various additional algebraic assump-
tions. For example, if one imposes TNCZ condition on a circle action
on a cohomologically symplectic manifold, one obtains that the set of
fixed points of this action has at least two components, as in the case
of true symplectic actions [A1, A2](there are some additional technical
assumptions, but we don’t discuss them).
However, it seems that the natural boundaries of the theory are
still not explored. For example, we don’t know any examples of closed
symplectic manifolds endowed with circle actions but whose topological
properties differ from the ones established for symplectic manifolds
with symplectic circle actions.
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If one imposes the condition of symplectic asphericity, more restric-
tions can be found. In particular, Ono [O] found restrictions on the
fundamental group of M in the presence of the symplectic aspheric-
ity condition. On the other hand, results of Lupton and Oprea [LO]
suggest that these restrictions may have a purely homotopic nature.
8.1. Symplectic asphericity as an obstruction. Below we shall
show how symplectic asphericity obstructs the existence of symplectic
circle actions.
The following result is a weak version of [LO, Theorem 4.16] (see
also [Op]).
Theorem 8.2. Any S1-action on a symplectically aspherical manifold
has no fixed points and hence is not Hamiltonian.
Theorem 8.3. Let (M,ω) be a closed symplectically aspherical man-
ifold. If each Abelian subgroup of pi1(M) is cyclic, then M does not
admit non-trivial symplectic circle actions.
Proof. First, it follows from the symplectic asphericity assumption and
the previous theorem, that a circle action onM cannot be Hamiltonian.
However, the action also cannot be non-Hamiltonian, which follows
from the following argument. By way of contradiction assume that
there exists a non-Hamiltonian action a : S1 → Symp((M,ω)) and let
X denote the vector field of this action. Since a is non-Hamiltonian,
we conclude that [iXω] 6= 0 in H
1(M ;R). Hence there exists a loop
A : S1 →M such that 〈[iXω, [A]〉 6= 0 where [A] is the homology class
of the loop A. Now consider the map
a(A) : T 2 →M, a(A)(s, t) = a(s)(A(t)),
and it is easy to see that
〈a(A)∗[ω], [T 2]〉 =
∫
T 2
a(A)∗ω 6= 0.
Since the image of the homomorphism a(A)∗ : pi1(T
2) → pi1(M)
is cyclic, we conclude that there exists a simple loop C on T 2 whose
homotopy class is nontrivial and belongs to the kernel of a(A)∗. Hence
we get a map f : S2 → M with 〈[ω], f∗[S
2]〉 6= 0. But this contradicts
the symplectic asphericity of (M,ω). 
Remark 8.4.
(1) Theorem 8.3 was proved by Ono in [O].
(2) It would be nice to find other topological restrictions on sym-
plectically aspherical manifolds with circle actions, which follow
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from the condition that the action is symplectic. It is conceiv-
able, that Ono’s condition is stronger: probably, it implies the
non-existence of smooth circle actions on symplectically aspher-
ical manifolds. A possible proof would go along the following
lines. There is a notion of cohomologically Hamiltonian circle
action [LO]. One could try to use it instead of the condition
[iXω] = 0. However, we did not work out the details.
(3) In fact, [LO, Theorem 4.16] is a purely cohomological (and
hence more general) version of Theorem 8.2.
8.5. On a problem of Taubes and related questions. The follow-
ing problem was posed by Taubes [Ba], [FV].
Question 8.6. Assume that a 4-manifold of the form M4 = N3 × S1
is symplectic. Is it true that N fibers over S1?
Note that if N fibers over S1 then M admits a symplectic struc-
ture [Ba]. The question was answered in the affirmative in several
important cases (see [FV]), but in general is still open. One can refor-
mulate it in the following form.
Question 8.7. Assume that (M4, ω) is a closed symplectic manifold
endowed with a free circle action. Does it admit a circle action pre-
serving the given symplectic form ω?
It seems interesting to ask the similar question for manifolds of arbi-
trary dimension (which might be easier, since more classical differential
topology methods are available). Note that the symplectic asphericity
condition might help in looking for counterexamples in higher dimen-
sions. Ono’s theorem yields a justification: we know that any circle
action on a symplectically aspherical (M,ω) cannot have fixed points,
and we have a restriction on the fundamental group.
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